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Abstract 

An integrable two-component analogue of the two-dimensional long wave- 
short wave resonance interaction (2c-2d-LSRI) system is studied. Wron- 
skian solutions of 2c-2d-LSRI system are presented. A reduced case, which 
describes resonant interaction between an interfacial wave and two surface 
, wave packets in a two layer fluid, is also discussed. 

in 
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^ ■ 1 Introduction 

o ■ 



In these past decades, vector soliton equations have received so much attention in 
mathematical physics and nonlinear physics IIllllEllH. Recently, we derived the 
I following system in a two-layer fluid using reductive perturbation method, which 

was motivated by a paper by Onorato et. al. HI HI: 

+41)) +L5(i) =0, i{S^-S^)-S^ =0, 
L, = 2(|5(^)p + |5Pf),-. (1) 

This system is an extension of the two-dimensional long wave-short wave reso- 
nance interaction system[7 , 8 1 and describes the two-dimensional resonant interac- 
tion between an interfacial gravity wave and two surface gravity packets propagat- 
ing in directions symmetric about the propagation direction of the interfacial wave 
in a two-layer fluid. 
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In this paper, we will study this system and its integrable modification, 

i(5(i)+4i))-5ii)+L5(i) = 2i5P)*G, 

i(5P'-#')-5i?+^5'^'=2i5W*G, 

A=2(|5(i)[2 + |5(2)|2),, !2, = 5(1^2) . (2) 

where * means complex conjugate. In our recent paper ||9l, we studied 

1(5^' +S^'^)-Sg^ +L5(i) = 0, i(5P' +5f ) +LS^'^ =0, 
L,=2(|5(i)p + |5P)|2),. (3) 

Note that this system is different from the system ^ only in the sign of j-derivative 
termSf^ 

2 Bilinear Forms and Wronskian Solutions 

Consider a two-component analogue of two-dimensional long wave-short wave 
resonance interaction (2c-2d-LSRI) system Using the dependent variable trans- 
formation L = - (21ogf = G/F, 5(2) =H/F,Q = -K*/F , we obtain 

{Dl-i{Dt+Dy))G-F = 2iH*K* , D^D,F ■ F = -2{GG* + HH*) , 

{dI - i(D, - Dy))H ■ F = 1\G*K* , D^K ■ F = -G*H* . ^ ^ 

These bilinear forms have the three-component Wronskian solution |[T0l[m[T2l . 
Consider the following three-component Wronskian: 

X/VML = I (P ¥ X I , 

where cp, \|/ and x are {N + M + L) xN, {N + M + L) xM and (^N + M + L) xL 
matrices, respectively: cp = (9ir VOIIkw+m+L' V = i^i7\i)\iiiN+M+L and X = 
(9jcr^X()i</<jv+M+L' and cp, is an arbitrary function of xi and X2 satisfying d^-^j^i = 
(p,-, and \|/, and x, are arbitrary functions of yi and zi, respectively. The above 
Wronskian satisfies 

i^xi ~ ) 1 ,M- 1 ,L • %ML = , (D^j — ) 1n+ 1 ,M,L- 1 ■ '^NML = , 

F>xiF>y^XNML ■ "^NML = 2XAr+i^M-l,L%-l,M+l,L j 

F>x^F>^^XNML■'^NML = '^'^N+\M,L-\'^N-\,M,L+\ i 

F>xi'^N,M+\,L-\ ■'^NML = —'^N-\M+\-.L'^N+\,M,L-\ , 

Dyi'ZN-\,M,L+l ■'^NML = — 'CAf,M-l,L+ 1 1,L, 

F>zi'^N+\,M-^,L''^NML = — 'CAr+l,M,L-l'CAf,M-l,L+l ■ 

Setting 

f = '^NML, g = '^N+l,M-\,L, h =Xn-IM,L+1 , ^ = %,M+1X-1 , 

g = '^N-l,M+l,L , h = 'Zn+1,M,L-1 , k = 'C/V,M-1,L+1 , 
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we have the following bilinear forms: 



{Di^ -D,,)g-f = 0, {Di^ + D,, )f • / = , D„ A, / • / 



{Di^+D,,)h-f = 0, {Di^-D,,)h-f = 0, D,,D,J-f = 2hh, 
Dxik-f=-gh, Dy^h- f = -gk, D^,g-f=-hk, 

Dxtk-f = gh, Dyji-f = gk, D,J-f = hk. 

By the change of independent variables xi = x,X2 = —iy ,y\ = y — t , Zi = —y — 
t {x,y,t : real), we have 3^ = , dy = —idx2 +3vi — 9,-;, , d, = —dy^ — d^^ . Thus we 
obtain 

- i(A + Dy))g ■ f = , {Dl + i(A + Dy))g ■ f = -llhk , 

ipl _ - D,) )h-f= -2igk , {Dl + i(A - Dy) )h-f= -ligk , 
DxDJ-f=-2{gg + hh), Dxk-f=-gh, Dxk-f = gh. 

Consider solutions satisfying the following condition 

g^ = {g^y, hg={hg)\ kg=-{kg)\ :real, (5) 

where is a gauge factor. Then, for F = f g , G = gg , H = hg , K = kg , v/e will 
obtain the bilinear equations of the 2c-2d-LSRI system (|4]). Thus the 2c-2d-LSRI 
system has a three-component Wronskian solution. 

To satisfy the condition ([5]), we consider the following constrained case: = 
M + L, \|/,- = for 2M+ 1 < / < IM + IL, X; = for 1 < / < 2M and 

(Pi = e^' , (^M+i = e"^' , ^/ = PiXi + p^X2 , 

\|// = ate^' , = aM+ie'^' , rj,- = qtyi + ri,-o , 

for / = 1,2, •• • ,M, and 

92M+/ = e^' , CP2M+L+; = e^^' , 6,- = SiX^ + sjxj , 
X2M+i = bie^' , XiM+L+i = bt+ie^'^' , = nzi + , 

for / = 1,2,---,L, where pi, si, qi, r, are wave numbers and ri,o, are phase 
constants. The parameters a, and bi must be determined from the condition of 
complex conjugacy. By using the standard technique lil3J . a, and bi are determined 
as 

a.- = n^^n^lx^' aM+i = Ui^t+P*M-P*), 1</<M, 
%i qk-qit=i1k + 1i k=i 

^'•=rir^ri7^' bL,i=Y\{p^+s*){pi-s*i i</<L, 

k^i 
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Figure 1: Single line soliton of eqs.©, which is obtained by tau-functions of 

(a) -L, (b) (c) 1 5(2) I, (d) Re[5(')], (e) Re [5(2)]. The parameters are = 

l+i,^=— l+2i,r=— 2 + i. 



and the condition dU is satisfied for the gauge factor, 

M L 

^= n ip)-p^)iai-^}) n (^)-^i)^n-rj)Y{Y{{p,-sj) 

\<i<i<M l<i<j<L !=1 ;=i 

xei:"i©-ii,)+i:^=,(e;-c,). 

This solution represents the (M + L) -soliton, i.e., M solitons propagate on the first 
component of short wave 5^^' whose complex wave numbers are given by /?,•, qi 
and complex phase constants are rj/o, and L solitons propagate on the second one 
S*^^' whose complex wave numbers and phase constants are Si, rj and ^,o- 
For instance by taking M = L = 1, (l+l)-soliton solution is given as 



p + p*s + s* 1 _ s + s^^^+^*_^_^, _ ;^ + P* ^e+r-C-C 
q + q* r + r* \p + s*\^ r + r* q + q* 



+ \p-s\ e 



2 £H*-ii-ii*+6+e*-C-C 
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\r + r* p* + s 

gh = -c{s + s*)e^'-^'( — ^ + {p*- s*)e^+^' ] , 
\q + q* p* + s ) 

p + s* 

where c = — \{p — s){p + s*)\'^ and we dropped the index 1 for simplicity. In order 
to satisfy the regularity condition / / 0, we can take Re/j > 0, Re^ > 0, Reij < 
and Rer < 0. After removing the gauge and constant factors, by choosing the same 
wave number in x direction for the above two solitons, i.e., s = p, we obtain the 
single soliton solution, 

/ = - e^+^\{q + q* )^'-^-^* + (r + r*)e-^-^' ) , 

p + P' 

g = {q + q*)e^-n^ h = -{r + r*)e^*-^\ k = {q + q*){r + r*)e^+^'-'^'-^, (6) 

where b, = px — ip^y, v\ = q{y — t)+r\o and ^ = —r{y + f) + ^o- Figure [T] shows the 
plots of this single soliton solution. L shows V-shape soliton, \S^^^\ and \S^^^ shows 
solitoff behaviour |[T4]| . 



3 Solutions in the case without Q 

We consider the 2c-2d-LSRI system ([T]) without the fourth field Q in Q. This 
system ([T]) describes waves in the two-layer fluid. Setting L = —{2logF)xx, S^^^ = 
G/F,SP) =///F, we have 

[i(A +Dy)-Dl]G-F = 0, [i(A - £>y) - Dl]H ■F = 0, 
- {DtDx - 2c)F ■ F = 2GG* + 2HH* . 

Here we consider the case of c = 0. 

Using the procedure of the Hirota bilinear method, we obtain the single soliton 
solution 

F = l+Aiiexp(rii+ri^), G = ai exp(rii) , // = Z?! exp(^i) , 
nj = PjX + iqjy + y + nf\ t,j = PjX-iqjy + Xjt + y\f , 

Here qj is a real number. We can rewrite An as 



ipi+p*i)H^p*i-m) 
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Thus we have 



^(1) ^ Qiexp(rii) ^(2) ^ ^iexp(^i) 

l+Aiiexp(rii+ri*) ' 1 +Aiiexp(rii +ri*) ' 

L = -2^1og(l+Aiiexp(rii+ri*)). 

Since l^^^^l^ = GG*/F^, |5(2)|2 = HH*/F^, L = -l^logF do not include y, all 
solitons propagate in the x direction. 

There is an exact solution depending on j- variable, 

Aiexp(p;c + ^j + rf) 
1 + ex^(2[px + qy + rt)) 

1 + exp(2(77x + qy + rt)) 
_ Aexp{2{px + qy + rt)) 



{\+exp{2{px + qy + rt)))^ 



where p, q, r, k\,l\,mi, k2, h, "^i^ Ai, A2, A satisfy the relations r = {ki +k2)p, q = 
{ki -k2)p, nil = kj - h - p^ , m2 = kj + h- p^,A = -Sp'^^Aj +Aj = -4{ki + 
k2)p^, and p,q,k\,li,l2 are arbitrary parameters. In figure [2l we see that waves in 
S^') and 5^2) have different modulation property, i.e., carrier waves in S^^^ and 5^^) 
has different directions of propagation. Note that the solutions of equations (O also 
have this property. 

It seems that eqs.Q are nonintegrable and do not admit general A^-sohton so- 
lution. Similar system Q has an A/^-soliton solution, but its physical derivation has 
not been done yet. 



4 Concluding Remarks 

We have studied solutions of a new integrable two-component two-dimensional 
long wave-short wave resonant interaction (2c-2d LSRI) system We presented 
a Wronskian formula for 2c-2d LSRI system Q with complex conjugacy condi- 
tion. We have also presented solutions of the system ([U in the case of two-layer 
fluid, i.e. the 2c-2d LSRI system without Q. In this case, the system ([T]) seems to 
be non-integrable, i.e. the system ^ does not have multi-soliton solutions. We 
have found that waves in 5^') and ^^^^ in both systems have different modulation 
property, i.e., carrier waves in S^^^ and S^^^ has different directions of propagation. 
But the system ^ has much more interesting solutions such as the V-shape soli ton 
and solitoff because of integrability. 

One of authors (K. M.) wishes to acknowledge organizers for providing the 
financial support for the ISLAND 3 (Integrable Systems: Linear And Nonlinear 
Dynamics 3) conference. 
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Figure 2: Line soliton of eqs.©. (a) -L, (b) \S^^^\, (c) (d) Re [5(1)], (e) 

Re [S^^^]. The parameters are ^1 = — 1,^2 = — 2,Ai = 1,A2 = 2,/i = 3,Z2 = 4. 
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